Abstract. Suppose that E denotes a real Banach space with the dimension at least 2. The main aim of this paper is to show that a domain D in E is a ψ-uniform domain if and only if D\P is a ψ 1 -uniform domain, and D is a uniform domain if and only if D\P also is a uniform domain, whenever P is a closed countable subset of D satisfying a quasihyperbolic separation condition. This condition requires that the quasihyperbolic distance (w.r.t. D) between each pair of distinct points in P has a lower bound greater than or equal to 1 2 .
Introduction and main results
The quasihyperbolic metric of a domain in a metric space was introduced by F. W. Gehring and his students B. Palka and B. Osgood in the 1970's [2, 3] in the setup of the Euclidean space R n , n ≥ 2. Since its first appearance, the quasihyperbolic metric has become an important tool in geometric function theory and in its generalizations to metric spaces and to Banach spaces [20] . For instance, Väisälä's theory of quasiconformal maps in Banach spaces relies on the quasihyperbolic metric. Yet, some basic questions of the quasihyperbolic geometry in Banach spaces and even in Euclidean spaces are open. Such a basic question as the convexity of quasihyperbolic balls has been studied in [7, 9, 13, 22] only recently.
In this paper, we study the classes of uniform domains [12] and the wider class of ψ-uniform domains [24] in Banach spaces and the stability of these classes of domains under the removal of a countable set of points. The motivation for this study stems from the discussions in [6, 18] . In these two papers, the removability questions were studied for the classes of uniform domains and John domains. For latest results in the case of ψ-uniform domains in R n see [8] . Our main result extends these results to Banach spaces. We begin with some basic definitions and the statements of our results. The proofs and necessary supplementary notation and terminology will be given thereafter.
Throughout the paper, we always assume that E denotes a real Banach space with the dimension at least 2. The norm of a vector z in E is written as |z|, and for each pair of points z 1 , z 2 in E, the distance between them is denoted by |z 1 − z 2 | and to denote the open ball {x ∈ E : |x − x 0 | < r} centered at x 0 with radius r > 0. Similarly, for the closed balls and spheres, we employ the usual notations B(x 0 , r) and ∂B(x 0 , r), respectively. When x 0 = 0, briefly, we denote B(x 0 , r) = B(r), in particular, B = B (1) . In R n , we specially denote B n (x 0 , r) the ball centered at x 0 with radius r, B n (r) the ball centered at 0 with radius r, and B n the ball centered at 0 with radius 1. We adopt some basic terminology following closely [11, 16, 17, 18] . Definition 1. A domain D in E is said to be c-uniform if there exists a constant c with the property that each pair of points z 1 , z 2 in D can be joined by a rectifiable arc γ in D satisfying
(1) min
for all z ∈ γ, and (2) ℓ(γ) ≤ c |z 1 − z 2 |, where ℓ(γ) denotes the arc length of γ, γ[z j , z] the part of γ between z j and z, and d D (z) the distance from z to the boundary ∂D of D [12] . Also we say that γ is a double c-cone arc.
It is a basic fact that uniform domains are special cases of ψ-uniform domains. See Section 2 .
Simple examples show, see Example 2.5, that removing a countable closed set E from a uniform domain D may yield a domain D \ E which is not ψ-uniform for any ψ. This motivates us to study countable subsets of a domain satisfying the following quasihyperbolic separation condition.
We say that a countable closed set P in a domain D ⊂ E satisfies a quasihyperbolic separation condition if
In what follows, for a given domain D, the symbol P stands for a fixed countable subset of D with this property. The purpose of this paper is to study the following problem.
Problem 1.
Suppose that D is a ψ-uniform (resp. c-uniform) domain in E and P is as in (1.1). Is it true that G = D\P is a ψ 1 -uniform (resp. c 1 -uniform) domain, where ψ 1 (resp. c 1 ) depends only on ψ (resp. c)?
We are now in a position to formulate our results. Here for two homeomorphisms ψ and ψ 1 : [0, ∞) → [0, ∞), we say that they are (a 1 , a 2 , a 3 , a 4 )-equivalent if there are positive constants a 1 , a 2 , a 3 and a 4 such that ψ 1 (t) = a 1 ψ(a 2 t) and ψ(t) = a 3 ψ 1 (a 4 t) for t ≥ 0. As a corollary of Theorem 1, we have 1 2 in P in (1.1) by any positive constant κ.
The proofs of Theorem 1 and Corollary 1 will be given in Section 4. We will prove several lemmas in Section 3, which will be used later on, and in Section 2, some preliminaries will be introduced.
Preliminary results

Quasihyperbolic distance and neargeodesics.
The quasihyperbolic length of a rectifiable arc or a path α in the norm metric in D is the number:
.
Gehring and Palka [3] introduced the quasihyperbolic metric of a domain in R n and it has been recently used by many authors in the study of quasiconformal mappings [1, 5, 22, 24, 25] and related questions [4] . Many of the basic properties of this metric may be found in [2, 17, 18, 21, 25] . For each pair of points z 1 , z 2 in D, the distance ratio metric j D (z 1 , z 2 ) between z 1 and z 2 is defined by
The quasihyperbolic distance k D (z 1 , z 2 ) between z 1 and z 2 is defined in the usual way:
where the infimum is taken over all rectifiable arcs α joining
where the infimum is taken over all rectifiable curves α in D connecting z 1 and z 2 . 
where the last inequality follows from the following elementary inequality
The following observation easily follows from (2.2) and Definition 2.
for t > 0.
In [18] , Väisälä characterized uniform domains by the quasihyperbolic metric.
Theorem A. ( [2, 18] ) For a domain D, the following are quantitatively equivalent:
In the case of domains in R n , the equivalence of items (1) and (3) in Theorem D is due to Gehring and Osgood [2] and the equivalence of items (2) and (3) due to Vuorinen [24] . By Theorem A, we see that uniformity implies ψ-uniformity.
Example 2.5. For r > 0 and j = 10, 11, ... let E(r, j) be a finite set of points in
n \ E(r, j) and a j = 11 r 10 e 1 , b j = 9 r 10 e 1 . It is readily seen that
Recall that an arc α from
. Each subarc of a quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. It is known that a quasihyperbolic geodesic between every pair of points in E exists if the dimension of E is finite, see [2, Lemma 1] . This is not true in Banach spaces [19, Example 2.9] . In order to remedy this shortage, Väisälä introduced the following concepts [18] .
Obviously, a ν-neargeodesic is a quasihyperbolic geodesic if and only if ν = 1. The smoothness of geodesics has been studied recently in [14] .
In [19] , Väisälä proved the following property concerning the existence of neargeodesics in Banach spaces.
2.2. Quasiconvexity. Definition 4. We say that an arc γ in D ⊂ E is c-quasiconvex in the norm metric if it satisfies the condition
The following result is due to Schäffer [15] .
Theorem C. ([15, 4.4]) Suppose that S in E is a sphere, that T is a 2-dimensional linear subspace in E and that the intersection S ∩ T contains at least two points.
For every pair {z 1 , z 2 } ⊂ T ∩ S, if γ ⊂ T ∩ S is the minor arc or a half circle with the endpoints z 1 and z 2 , then γ is 2-quasiconvex.
Several Lemmas
We recall that D denotes a domain in E and G = D\P , where P ⊂ D is a countable set satisfying the quasihyperbolic separation condition (1.1). The aim of this section is to prove several lemmas on which the proofs of Theorem 1 and Corollary 1 will be based. Our first lemma concerns the number of the points of P , which are contained in the balls B(x, λd D (x)) in D for varying values of λ.
, x ∈ G, and
< λ. Then there exists some i such that |x−x i | < λd D (x). Hence x i ∈ B(x, λd D (x)) and by (1) B(x, λd D (x)) cannot contain points in P \{x i }.
We now prove (3). Because 1 5 ∈ (0, λ 0 ), we see by (1) that B(x, 1 5 d D (x)) contains at most one point of P . By (2) there exists a unique point
because for j = i we have
by the choice of λ . In the same way we see that for all z ∈ B(x,
+ λ, we see that for all z ∈ B(x,
The proof is complete.
The constant λ 0 in Lemma 1 obviously depends on the constant 1 2 in the quasihyperbolic separation condition (1.1). At the same time it is easy to see that a result similar to Lemma 1 also holds if the constant 1 2 in the definition of the set P (1.1) is replaced by σ ∈ (0, 1 2 ) . Only the constants would change and e.g. λ 0 would be replaced by λ σ , with
Given a point w in a domain U ⊂ R n it is clear that
for all x, y ∈ U \ {w} . For points x, y ∈ U \ B(w, θd U (w)), 0 < θ < 1 , we also have an opposite inequality as shown in [24, Lemma 2.53] . The next few lemmas deal with this situation for Banach spaces. We start by a comparison theorem for the metrics k G and j G .
and
Proof. Clearly, we have
By Lemma 1 (3), we see that there exists some point x i ∈ B(w 1 ,
Without loss of generality, we may assume
We
which, together with (2.3) and Theorem C, shows that
Hence the proof follows.
The next two results are related to k G and k D .
Proof. It follows from Lemma 1 that there is a unique element x i in the intersection P ∩ B(w 1 ,
Then Lemma 2, (2.1) and the Bernoulli inequality [25, (3.6) ] imply
which shows that the lemma is true.
Lemma 4. Let w 1 , w 2 ∈ G and let γ denote a 2-neargeodesic joining w 1 and
Proof. Obviously, we get
Hence the proof is complete.
Our last lemma in this section is as follows.
Proof. Suppose on the contrary that
which shows that
This is the desired contradiction.
The proofs of Theorem 1 and Corollary 1
4.1. The proof of Theorem 1. We first prove the sufficiency. Suppose that G is a ψ 1 -uniform domain. Then we shall prove that for z 1 , z 2 ∈ D,
where ψ(t) = 3ψ 1 (2 7 t) for t > 0, which implies that D is a ψ-uniform domain. Without loss of generality, we assume that
We divide the proof into two cases.
We first suppose that |z
Then it follows from (2.3) and Proposition 1 that
We then suppose that |z
. Hence by Lemma 5, we have
In the following, we separate the rest discussions to two parts.
Under this assumption, we have
For a proof under this assumption, we let u 1 ∈ S(z 1 ,
Moreover, we get (4.6)
and it follows from Lemma 1 and the assumption "d G (z 1 ) < 
In this part, we again distinguish two possibilities.
Then by (4.5), (4.6) and (4.7), we have
Under this hypothesis, to get a homeomorphism ψ from ψ 1 , we take u 2 ∈ S(z 2 , 
and by (4.3), we have (4.10)
It follows from (4.3), (2.3) and (4.5) that
Then we infer from (4.5), (4.7), (4.9), (4.10), (4.11) and Proposition 1 that
Since ψ 1 is increasing, by taking ψ(t) = 3ψ 1 (2 7 t) for t ≥ 0, we easily see from the inequalities (4.2), (4.4), (4.8) and (4.12) that (4.1) holds.
Next we prove the necessity. Suppose that D is a ψ-uniform domain. Then we shall prove that for z 1 , z 2 ∈ G,
In the following, we consider the two cases where
Let γ be a 2-neargeodesic joining z 1 and z 2 in D. The existence of γ follows from Theorem B. We separate the discussions in this case to two parts.
Then by Lemma 2 and Proposition 1, we have
Under this condition, Lemma 5 implies
Obviously, there exists some point
By Lemma 1, there exists some point
. It follows from Lemma 2 and (4.15) that
By Lemma 4, we know
since D is ψ-uniform, and so the following inequality easily follows from (4.16).
. Subcase 4. There exists some point
Under this assumption, it follows from (4.15) that there exists some point y 1 which is the first point in γ along the direction from v 1 to z 2 such that
Then Lemma 4 shows
To get a homeomorphism ψ 1 from ψ in this possibility, we consider two cases.
Then we see from Lemma 2 that
Thus we have the following claim.
We now prove this claim. Since
we infer from (4.14) that (4.19) and by (4.18), we get
Let us leave the proof of Claim 3 for a moment and prove the following inequality
To prove this estimate, obviously, we only need to consider the case
we see from (4.18) and the Bernoulli inequality [25, (3.6) ] that
, then the similar reasoning as in the proof of (4.20) shows that
Then it follows from (4.16), (4.17), (4.22) , (4.24) and (4.25) that
Hence we reach the following estimate.
We assume now that |z 2 − y 2 | > 1 32
and the similar reasoning as in the proof of (4.22) shows that
By repeating the procedure as above, we will reach a finite sequence of points in γ:
(
for each i ∈ {1, · · · , t}, and we see that
For the former case, i.e., when the statement (1) as above holds, we have shown that
Hence we obtain
which shows
For the latter case, i.e., the statement (2) as above holds, we also have shown that
, where i ∈ {1, · · · , t − 1}, and
Hence we get
which implies
By taking ψ 1 (t) = 2 12 ψ(t) for t ≥ 0, we see that in the case d G (z 1 ) ≤ 
By (2.3) we have
Hence by Proposition 1, we have Claim 8. k G (z 1 , z 2 ) ≤ 3 log 1 +
Case 6. |z 1 − z 2 | > Let β be a 2-neargeodesic joining z 1 and z 2 in D. We divide the rest discussions into two subcases. In this case, the following inequality easily follows from Lemma 4.
. Subcase 6. There exists some point z ∈ β such that d G (z) < Then we know from Lemma 2 and (4.28) that
which, together with (4.27), implies
